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Images:  LSS simulation V.Springel, Max-Planck Institut für Astrophysik, Garching bei München via dunlap.utoronto.ca; SEM of fibrin in 
blood clot. David Gregory & Debbie Marshall; Bendich+2016 
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1. Background on topology for astronomy
2. Introduction to persistent homology
3. Applications of Persistent Homology

i. Hypothesis testing: Cold Dark Matter vs. Warm Dark Matter
ii. Finding holes in the Universe
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Euler characteristic (EC)

Leonhard Euler (1707-1783) made an observation about polyhedra:
#Vertices - #Edges + #Faces = 2
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Table from https://en.wikipedia.org/wiki/Euler_characteristic

If you glue together P polyhedral at a common face, this
becomes V − E + F − P = 1.

Worsley, K.J., 1996. The geometry of random images. Chance, 9(1), pp.27-40



Holes

But these formulas do not hold in general…if a hole is present, it 
reduces V − E + F − P by 1
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Hollow

Worsley, K.J., 1996. The geometry of random images. Chance, 9(1), pp.27-40



Topology of the Universe

• I980s-1990s:  investigations of matter distribution
• Sponge-like topology of Large-scale Structure (LSS, Gott+ 1986):

• “There has been a debate between hierarchical clustering models in which clusters are high-density 
islands in a low-density sea, and cell structure models in which voids are isolated low-density islands in 
a high-density sea.”

• Third option:  Sponge-like topology.  “Sponges are characterized by many holes; chambers are 
connected by tunnels. Thus both the high- and low-density regions are multiply connected.”

• Used genus (g) to describe galaxy distribution (EC = 2 – 2g for closed surfaces)

6Image:  Shandarin 1983Image:  Gott, Melott, and Dickinson 1986



7Worsley, K.J., 1996. The geometry of random images. Chance, 9(1), pp.27-40



Holes in LSS

Millennium Simulation 
(Springel+2005)

A cosmological simulation of the LSS of the 
Universe (the Cosmic Web)

Lighter = high density regions
Darker = low density regions
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2-homology group generators capture voids

1-homology group generators capture a new type of structure: filament loops 



Motivation:  TDA for Cosmology
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Image credit:  Nelson / Illustris Collaboration (from http://spaceref.com)

Image credit: Figure 1.10 from Vennin, V., 2014. Cosmological inflation: theoretical aspects and observational 
constraints (Doctoral dissertation, Université Pierre et Marie Curie). 

Image credit:  Ben Moore (University of Zurich)

Can persistent homology discriminate LSS generated 
under different models?
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Persistent homology

Homology
Count holes

Betti Numbers
𝛽! = Connected Components
𝛽" = Loops
𝛽# = Voids
…

Persistent homology
Count holes in data

Euler characteristic = 𝛽! − 𝛽" + 𝛽# −⋯
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Homology:  considering data

Persistent homology is a multi-scale version of homology
(e.g., Edelsbrunner+2002; Edelsbrunner and Harer 2008; Carlsson 2009) 

𝛽! = Connected Components
𝛽" = Loops

𝛽! = 1, 𝛽" = 1 𝛽! = 15, 𝛽" = 0

Image of LSS: http://astro.berkeley.edu 
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Persistent homology: Vietoris Rips filtration

radius = 0.45 radius = 0.48 radius = 0.92

Birth of loop: diameter = 2 x 0.48 = 0.96
Death of loop: diameter = 2 x 0.92 = 1.84
Persistence (or lifetime) of loop: 1.84 - 0.96 = 0.88 

• Define 𝑆# =∪$%"& 𝐵 𝑌$, ϵ (union of balls with radius ϵ centered at observaaons 𝑌", … , 𝑌& )
• Persistent homology tracks the changing homology of 𝑆# across a range of ϵ’s
• The birth and death times of different holes (homology group generators) are plotted on a persistence diagram.



Simplex

• A p-simplex σ is the convex hull of p+1 affinely independent points x0, 
x1, . . . , xp ∈ Rd. Denote σ = conv{x0,...,xp}, and the dimension of σ is p.
• A 0-simplex is a vertex, 1-simplex an edge, 2-simplex a triangle, and 3-simplex 

a tetrahedron

• A face of σ is convS where S⊂{x0,...,xp} is a subset of the p+1 vertices.
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Simplicial complex

A simplicial complex K is a finite collection of simplices such that 
1) σ ∈ K and τ being a face of σ implies τ ∈K, and 
2) σ, σʹ ∈ K implies σ∩σʹ is either empty or a face of both σ and σʹ.
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Simplicial complex Not a simplicial complex



Finding a hole (basic illustration)

• Loops (1-cycles) for simplicial complex below:  Z1 = {0, c1, c2, c3}
• Uninteresting loops: B1 = {0, c1} (“boundary cycles”)
• Interesting 1-cycles are c2 + B1 = c3 + B1 = {c2, c3}

15Xiaojin Zhu, Persistent Homology:  An Introduction and a New  Text Representation for Natural Language Processing,  In IJCAI, 2013. 
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Persistent homology summaries

A persistence diagram 𝐷 is a collection of birth (𝑏$) and death (𝑑$) times of homology group 
generators of a particular dimension (𝑟$):

𝐷 = { 𝑟+ , 𝑏+ , 𝑑+ ∣ 𝑗 = 1,… , 𝑛,}
where 𝑛% is the number of homology group generators off the diagonal.

- Rather than defining the filtration using a Rips Complex over the data points, a function can be used for persistent homology
- Kernel density estimates or Distance-to-Measure (DTM) functions (Chazal+2011) are popular approaches in TDA for turning a 
point-cloud of data into a function
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Some examples from astronomy

17



Hypothesis testing
Cold Dark Matter vs. Warm Dark Matter
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References: 
C-K, Fasy, Hellwing, Lovell, Drozda, and Wu (2022) 
Berry, Chen, C-K, and Fasy (2020)



Copernicus Complexio (COCO) simulations
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Figure credit:  Hellwing+2016

• COCO cosmological simulation data
o Cold Dark Matter (CDM, Hellwing+2016)
o Warm Dark Matter (WDM, Bose+2016)

• N-body simulations of structure formation

• Simulation box: 70.4 Mpc/h per side
o High-resolution central sphere with radius 17.4 Mpc/h

• Objects in data are dark matter halos with a particular mass

Note:
1 pc = 1 parsec ≈ 3.26 light years
h = encodes uncertainty about the expansion rate of the Universe
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Two-sample hypothesis test
Given two sets of persistence diagram,

where 𝒟(1) and 𝒟(2) are the true underlying distributions of persistence diagrams for group 1 
and 2, respectively (existence of distributions established in Mileyko+2011). 

Then consider the two-sample hypothesis testing framework with 

Test statistic: Persistence diagrams are difficult objects to work with (e.g., computationally 
expensive to compute distances between two diagrams) 

→ consider functional summaries of persistence diagrams 
Reference: Berry, Chen, C-K, and Fasy (2020)

D(1)
1 , . . . , D(1)

n1
⇠ D(1)

<latexit sha1_base64="iPzzv1dipgXfBjJ4s0ORNjsmiDM="></latexit>

D(2)
1 , . . . , D(2)

n2
⇠ D(2)

<latexit sha1_base64="1OmkwjqjI2Xw/EaatCFAv42/cz8="></latexit>

H0 : D(1) = D(2) vs. H1 : D(1) 6= D(2)

<latexit sha1_base64="tnVciGAWnpk4VEufHLhcW3lY0Jw="></latexit>
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Functional summaries of persistence diagrams
Many functional summaries have been proposed  
(e.g., Chazal+2014; Adams+2017; Bubenik 2015; Chen+2015; Biscio and Møller 2019)

Functional summary
𝔽: 𝒟 → ℱ where 𝒟 is the space of persistence diagrams and ℱ is a collection of functions.

Random diagrams, 𝐷!, … , 𝐷" ∈ 𝒟 become random functions 𝐹! = 𝔽(𝐷!), … , 𝐹" = 𝔽(𝐷") ∈ ℱ

Test statistics
Let 𝐹#,% = 𝔽(𝐷%

# ), for diagram 𝑖 of sample 𝑠 = 1,2, and 2𝐹# = 𝑛𝑠&!∑%'!
"! 𝐹#,% 𝑡

2𝐹# is a consistent estimator of the population mean functional summary, 𝔼 𝐹# 𝑡

→ Use 𝑇 = 𝑑 2𝐹!, 9𝐹2 as test statistic for some metric 𝑑 ⋅,⋅

Reference: Berry, Chen, C-K, and Fasy (2020)
d(F̂1, F̂2) =

R
T |F̂1(t)� F̂2(t)|dt

<latexit sha1_base64="rZ9s5nxOdRhdXhFs2C1hlUVKgSg="></latexit>
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Landscape and Silhouette functions
Landscape functions (Bubenik 2015, Bubenik and Dlotko 2017) are the collection of functions

where kmax selects the kth largest value, k ∈ ℕ, 𝑝$ =
&"'("
# , (")&"# , 𝑗 = 1,… , 𝑛%, 𝑟 is the 

homology group dimension and 𝔗 be an index set of landscape layers.

�D(k, t) = kmax
pj2D

⇤pj (t), where ⇤pj (t) =

8
><

>:

t� bj t 2 [bj ,
dj+bj

2 ]

dj � t t 2 [dj+bj
2 , dj ]

0 otherwise

<latexit sha1_base64="h8xhvkKk/LBXjPvYtujltUWXjO0="></latexit>

Fland(I, r, t) = �k2I�Dr (k, t)

<latexit sha1_base64="B9/2fNEtfPTTfI4out4ZhKUVgKE="></latexit>

Weighted Silhouette Functions are weighted 
combinations of landscape function, defined as Fsil(r, t | p) =

Pnr
j=1 |dr,j�br,j |p⇤pr,j (t)Pnr

j=1 |dr,j�br,j |p

<latexit sha1_base64="aN8gZeIeGUI3SSPHypUxuT8cI1s="></latexit>

Persistence diagram Landscapes and Silhouette



23

Euler Characteristic and Betti Functions
The Betti functions track the number of homology group generators (i.e., the 
homology group rank) that persist across the filtration parameter 𝑡 for each 
dimension 𝑟, defined as

The Euler Characteristic function is the alternating sum of the Betti functions, 
defined as

Fbetti(r, t) = |{(r, bj , dj) : bj  t, dj > t}|

<latexit sha1_base64="FpJik5/wU1klF2Q4WkEl01IKKss="></latexit>

Fec(t) =
P2

r=0(�1)rFbetti(r, t)

<latexit sha1_base64="glRmPbdZ7A9Xgl2wd9JT/pCwCuk="></latexit>
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COCO - CDM COCO - WDM

COCO Milky-Way-analog Halo Samples

• 23x23x10 Mpc slide of COCO-CDM (left) and COCO-WDM (right). 
• Eight of the 77 volumes used in this study are displayed:  the MW-analog halos are enclosed by a green circle with a 

radius 3 Mpc indicated by a white circle. 
• Selected haloes have masses between  0.5×1012 MSun and 2×1012 MSun with no haloes with masses > 0.5×1012 MSun within 0.7 Mpc.
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Comparison Methods
Persistence Diagram Test (PDT, Robinson & Turner 2017) compares persistence diagrams directly using the 
following test statistic

𝐷),":&!|- = set of 𝑛) persistence diagrams for homology dimension 𝑟 from population 𝑙 = 1,2
𝑊. ⋅,⋅ is the 𝑝-Wasserstein distance, with 1 ≤ 𝑝 ≤ ∞ and 1 ≤ 𝑞 < ∞

We use the Bottleneck distance with 𝑝 = ∞ and 𝑞 = 1

Spatial Point Process Functions:  
G-function (distribution function of the nearest-neighbor distance)
Pair-correlation function (aka two-point correlation function, 2PCF)

TPDT(D1,1:n1|r, D2,1:n2|r | p, q) =
P2

l=1
1

2nl(nl�1)

Pnl

i=1

Pnl

j=1 Wp(Dl,i|r, Dl,j|r)
q

<latexit sha1_base64="Td0AU9lJs9XcK906uSS/vF9+CDI="></latexit>

Wp(D1, D2) =
�
inf⌘:D1!D2

P
x2D1

kx� ⌘(x)kp1
� 1

p

<latexit sha1_base64="mOOgeCv53S8nNyIIRQGACnvh5Rk="></latexit>

W1(D1, D2) = inf⌘:D1!D2 supx2D1
kx� ⌘(x)k1

<latexit sha1_base64="eYy0FwcZQA/Q5ZeSLvZwxgwziFM="></latexit>



Results (20,000 permutations )
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Results (p-values, 20,000 permutations)
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Interpretation

Betti-1 Function

Silhouette Functions
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<latexit sha1_base64="v0y28M3/72pJ9fKAz93M4HQSC+Y="></latexit>

F̄di↵(t) = n�1
s

nsX
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(Fc,i(t)� Fw,i(t))



Finding holes in the 
Universe
Representations of homology group generators
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Reference: Xu, C-K, Green, and Nagai (2019) 



Visualization of Holes
Significant Cosmic Holes in Universe (SCHU) identifies representations of cosmic voids 
and loops of filaments in cosmological datasets and assigns statistical significance 

(left) Persistence diagram with 90% confidence band for H2; (middle) 23 voids identified with SCHU; (right) example of a filament loop with a p-value = 0.011 

Data based on simulation motivated by Voronoi Foam (Icke and van de Weygaert1987; van de Weygaert+1989; van de Weygaert1994) 

Reference: Xu, C-K, Green, and Nagai (2019); builds on confidence sets for persistence diagrams from Fasy+2014. 29



Confidence sets on persistence diagrams 
• Inference on persistence diagrams requires a notion of distance. 

Popular choice: bottleneck distance 
• Bottleneck distance between two diagrams, D1 and D2 and bijection η: 

• Examples of two matchings for Diagrams 1 and 2: 

30

W1(D1, D2) = inf⌘:D1!D2 supx2D1
kx� ⌘(x)k1

<latexit sha1_base64="eYy0FwcZQA/Q5ZeSLvZwxgwziFM="></latexit>



Fasy+2014 define a (1 − α) confidence set, Cn , for a persistence diagram D as an interval
[0, cn], with cn ≡ cn(Y1, . . . , Yn), such that 

where 7𝐷𝑛 is the observed diagram.  Then 

Relies on the Stability Theorem of Cohen-Steiner et al. (2007): W∞(D(f), D(g)) ≤ ∥f − g∥∞

(the L∞−norm between two functions, f and g, bounds the bottleneck distance between their corresponding persistence diagrams) 
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lim sup
n!1

P
⇣
W1(D̂n, D) > cn

⌘
 ↵

<latexit sha1_base64="p3Q8tgmDhbXYDtTXLZNZUU3cfcY="></latexit>

Cn ⌘ { eD : W1(D̂n, eD)  cn}

<latexit sha1_base64="hRjqHGw6caPxmR6QNnnBvpq9NKQ="></latexit>

Image:  Fasy+2014



• Approximate the distribution of 
W∞(7𝐷n, 𝐷) with a bootstrap sample of size N,

𝑤("), … , 𝑤 ,

→ denote the resulting empirical distribution 
as 9𝐹𝑛(𝑤)

• Instead of confidence bands, SCHU assigns p-
values to each homology group generator 𝑖 as

32

p-value(i) = 1� F̂n

✓
di � bi

2

◆

<latexit sha1_base64="xspWgBsUI/BUtBP+8XfxP7cytjA="></latexit>
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Reference: Xu, C-K, Green, and Nagai (2019), https://github.com/xinxuyale/SCHU
R:  TDA package
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• Mapped the volume center of each of the 23 most persistent H2 generators to its nearest void seed point
• Each of the 23 void seeds were uniquely matched with a corresponding generator suggesting that SCHU was 

able to accurately locate the cosmic voids 
Data based on simulation motivated by Voronoi Foam (Icke and van de Weygaert1987; van de Weygaert+1989; van de Weygaert1994)
Simulation box: 100 h−1Mpc per dimension and a grid spacing of 1 h−1Mpc . 

Simulation Study



Tracing the Cosmic Web
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• Libeskind+2018 carried out comparison of methods for finding different cosmological structures
o Used GADGET-2 dark-matter only N-body simulation code with 5123 particles 
o The simulation cube is 200 h−1 Mpc per side

• Libeskind+2018 used this dataset to compare several cosmic environment classification methods 
• Compare cosmic voids because filament loops are not defined/detected by other methods 

• Persistence diagram (right):  displays 90% confidence band for H1 (pink) and H2 (blue) , used DTM filtration with 
m0=0.002 (corresponds to using 58 nearest neighbors)
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2h−1Mpc slice of Libeskind et al. (2018) 
data: white regions denote voids. 

(row 1) GADGET data, SCHU, SCHU 
(p<0.1), Classic; 

(row 2) DisPerSE, MMF2, MSWA, 
NEXUS; 

(row 3) ORIGAMI, SpineWeb, TWeb, 
VWeb 

SCHU SCHU (pval < 0.1)
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Concluding remarks
Spatially complex data are prevalent in science (e.g., Cosmic Web, fibrin) 
→ However, analyzing these data is not always straightforward 

Persistent homology can extract summaries from data characterized by holes
→ Functional summaries of persistence diagrams tend to be easier to work with than the diagrams for inference (e.g. 
hypothesis testing) or prediction 
Reference:  Berry, E., Chen, Y.C., Cisewski-Kehe, J. and Fasy, B.T., 2020. Functional summaries of persistence diagrams. Journal of Applied and Computational Topology, 4(2), pp.211-262.
Code: https://github.com/JessiCisewskiKehe/generalized_landscapes

TDA-based hypothesis tests detect differences between the WDM and CDM COCO data of MW-analog halo neighborhoods
→ Statistically significant differences detected on different scales from spatial point process functions
Reference: Cisewski-Kehe, J., Fasy, B.T, Hellwing, W., Lovell, M.R., Drazda, P., Wu, M., 2022.  Differentiating small-scale subhalo distributions in CDM and WDM models using persistent 
homology, Physical Review D, 106(2), p.023521.
Code: https://github.com/JessiCisewskiKehe/DarkMatterTDA

Representations of homology group generators may be used for visualization 
→ Significant Cosmic Holes in Universe (SCHU) can identify cosmic voids and filaments loops and assign statistical 
significance
References:  Xu, X., Cisewski-Kehe, J., Green, S.B. and Nagai, D., 2019. Finding cosmic voids and filament loops using topological data analysis. Astronomy and Computing, 27, pp.34-52.
Code:  https://github.com/xinxuyale/SCHU

Many thanks!

https://github.com/JessiCisewskiKehe/generalized_landscapes
https://github.com/JessiCisewskiKehe/DarkMatterTDA
https://github.com/xinxuyale/SCHU

